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Abstract
In this paper, I introduce two new concepts (Minkowski quasi-photon and invariance of physical definitions) to elu-
cidate the theory developed in my previous work [Can. J. Phys. 93, 1510 (2015)], and to clarify the criticisms by
Partanen and coworkers [Phys. Rev. A 95, 063850 (2017)]. Minkowski quasi-photon is the carrier of the momentum
and energy of light in a medium under the sense of macroscopic averages of light-matter microscopic interactions. I
firmly argue that required by the principle of relativity, the definitions of all physical quantities are invariant. I shed
a new light on the significance of the symmetry of physical laws for resolution of the Abraham-Minkowski debate
on the momentum of light in a medium. I illustrate by relativistic analysis why the momentums and energies of
the electromagnetic subsystem and the material subsystem form Lorentz four-vectors separately for a closed system
of light-matter interactions, and why the momentum and energy of a non-radiation field are owned by the material
subsystem, and they are not measurable experimentally. Finally, I also provide an elegant proof for the invariance of
physical definitions, and a clear definition of the Lorentz covariance for general physical quantities and tensors.
Keywords: quasi-photon, light-matter interactions, momentum of light, principle of relativity, invariance of physical
definitions
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1. Introduction
Einstein’s 1905 light-quantum hypothesis and energy-mass equivalence equation, combined with Newton’s law
(momentum = mass multiplied by velocity), suggested a clear definition of the momentum of a photon in vacuum, and
this definition was strongly supported by the 1923 experiment of photon-electron Compton scattering, and inspired the
birth of de-Broglie 1924 momentum-wavelength hypothesis. However, the momentum of light in a material medium
has been a perplexing problem in physics for as long as a century. Various theories have been proposed to resolve
this problem; for example, in a recent interesting paper [1], Partanen and coworkers argue that the propagation of a
light pulse in a medium has to be described by a coupled state of the field and matter, and this coupled state supports
a mass density wave (MDW) when driven by the field-dipole forces. The authors emphasize that by use of mass-
polariton (MP) quasiparticle approach and optoelastic continuum dynamics (OCD) approach, respectively, their study
results “provide extremely strong support for the Abraham force density as the only optical force density that is fully
consistent with the covariance principle”, and claim that they have founded “a covariant theory of light propagation
in a medium”.
In this paper, I would like to indicate that there are fundamental flaws in Partanen-coworkers theory: (i) the
criterion of Lorentz four-vector covariance set up by the authors is not mathematically correct, resulting in failure to
identify whether their physical model is compatible with Einstein’s special relativity; (ii) the invariant definition of
refractive index n is not given for a general inertial frame, and thus there is no information that is provided to support
the propagation covariance of light in a medium. Based on the analysis of Partanen-coworkers paper and inspired
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from their physical model, I would like here to propose a new concept, so-called “Minkowski quasi-photon”, with
some fantastic properties exposed. Meanwhile, I firmly argue that to examine the covariance of light propagation in
a medium, (a) the definitions of all physical quantities, including the refractive index, must be the same in all inertial
frames, and (b) the momentum and energy of light in a medium must constitute a Lorentz four-vector.
The paper is organized as follows. In Sec. 2, it is shown why the criterion of Lorentz four-vector covariance
set up by Partanen and coworkers is not mathematically correct, and in Sec. 3, it is indicated why the propagation
covariance of light in a medium is not supported by Partanen-coworkers theory. In Sec. 4, the fantastic property
of Minkowski quasi-photon is exposed, the covariance of propagation direction and speed of light in a medium is
formulated, the invariance of physical definitions is argued, and a proof is given of why Partanen-coworkers physical
model is not compatible with Einstein’s special relativity. In Sec. 5, some conclusions are given, and some remarks
on the significance of the symmetry of physical laws are made. It is also illustrated by relativistic analysis why
the momentums and energies of the electromagnetic (EM) subsystem and the material subsystem constitute Lorentz
four-vectors, respectively, for a closed system of light-matter interactions, and why the momentum and energy of a
non-radiation field are owned by the material subsystem, instead of the EM subsystem, and they are not measurable
experimentally. Finally, an elegant proof is given for the invariance of physical definitions, and what the Lorentz
covariance of a general physical quantity and a tensor really means is explained (in footnote 7).
2. Problem of the covariance of energy and momentum
Partanen and coworkers argue that the rest mass of MP quasiparticle is given by
m0 = n
√
n2 − 1 ~ω/c2, (1)
and the total energy and momentum are, respectively, given by
EMP = γm0c2 = ~ω + (δm)c2, (2)
pMP = γm0v = n~ω/c, (3)
where ~ is the reduced Planck constant, ω is the angular frequency, c is the speed of light in vacuum, δm = (n2 −
1)~ω/c2, v = c/n, and γ = (1 − v2/c2)−1/2; confer the authors’ Eqs. (5)-(7) [1]. Note that v = c/n is the propagation
velocity of the rest mass m0 of the MP quasiparticle [1].
Partanen and coworkers claim that EMP and pMP are Lorentz covariant because they fulfill the covariance condition
(criterion), given by
E2MP − (pMP c)2 = (m0c2)2. (4)
Mathematically, what the above Partanen-coworkers criterion means is: For a “four-component vector” (A0,A), if
(A0)2 − A2 = Lorentz invariant is valid, then (A0,A) is a Lorentz four-vector. Unfortunately, this criterion is not
correct.
To understand why (A0)2 − A2 = Lorentz invariant is not a sufficient condition to make (A0,A) a four-vector, a
simple counterexample is given below.
It is well known that to keep Maxwell equations invariant in form in all inertial frames, the electric field E and
magnetic field B must constitute a field strength tensor, which follows four-tensor Lorentz transformation, resulting
in (|B|c)2 − E2 = Lorentz invariant [2, p. 82].
According to Partanen-coworkers criterion, (|B|c,E) is supposed to be a Lorentz four-vector, because it satisfies
(|B|c)2 − E2 = Lorentz invariant; however, (|B|c,E) is never a four-vector, because it does not follow four-vector
Lorentz transformation.
The above counterexample clearly disproved the covariance criterion set up by Partanen and coworkers. Thus
the covariance problem of the total energy EMP and total momentum pMP of MP quasiparticle is not resolved in their
theory, which results in a fact that the authors are not aware that their physical model already violates Einstein’s
special relativity, as shown in footnote 3 of Sec. 4.
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3. Problem of the covariance of light propagation
According to the relativity principle, the physical definition of refractive index n should be invariant in all inertial
frames. However Partanen and coworkers did not provide the invariant definition of n, although it is used to analyze
relativistic covariance throughout their paper.
The authors indeed defined the refractive index n for an isotropic medium in the medium-rest fame (laboratory
frame), given by n2 = rµr, with r and µr the relative permittivity and permeability of the medium. However the
authors did not provide the definition in a general moving frame (or in an anisotropic medium). If we don’t know the
definition of refractive index in a general inertial frame, how do we know “MP quasiparticle ... propagates through
the medium at speed v = c/n”, which holds in all inertial frames? Thus, the covariance problem of the propagation
(direction and speed) of MP quasiparticle in Partanen-coworkers theory [1] is not resolved either.
4. Quasi-photon and invariance of physical definitions
As shown above, Partanen and coworkers failed to prove the four-vector covariance of energy EMP = ~ω+ (δm)c2
and momentum pMP = n~ω/c for MP quasiparticle, and they did not provide any evidence to support the propagation
covariance either; thus Partanen and coworkers did not resolve the covariance problem for their theory. Accordingly,
there is no basis of Partanen-coworkers criticism that my theory [3, 4, 5, 6]1,2 “neglects the transferred mass δm, thus
leading to mathematical problems”.
In my theory, Minkowski photon momentum-energy four-vector is shown to be the unique correct four-momentum
of light in a medium, given by ~Kµ = ~(kw, ω/c), where Planck constant ~ is a Lorentz invariant, Kµ is the wave four-
vector,3 and kw is the wave vector. ~Kµ indeed does not include “the transferred mass δm”, but it is four-vector
covariant [5], never leading to any mathematical problems; thus Partanen-coworkers criticism is not pertinent either.
1 In Ref. [3], it is indicated that there are two kinds of mass: energy-associated mass mE , defined through E = mE c
2 (Einstein’s energy-mass
equivalence equation) [7], and momentum-associated mass mp, defined through p = mpu, where E, p, and u are, respectively, the particle energy,
momentum, and velocity. For classical particles and photons in vacuum, mp = mE holds, while for Minkowski photon in a medium, mp = n
2~ω/c2
and mE = ~ω/c2 are valid, with Newton law |p| = mp |u| = mp(c/n) = n~ω/c automatically satisfied. It is also indicated that there are three kinds
of momentum-energy four-vectors: PµPµ = E2/c2 − p2 > 0 for classical massive particles, PµPµ = 0 for photons in vacuum, and PµPµ < 0 for
photons in a medium. Thus (PµPµ)1/2/c is real for massive particles and photons in vacuum; however, it becomes imaginary for Minkowski photon
in a dielectric medium.
2 In Ref. [5], I showed that Minkowski photon four-momentum is the direct result of Einstein light-quantized electromagnetic (EM) momentum
and energy, namely ~Kµ = N−1p (gM ,Wem/c), which holds in all inertial frames, and where Np is the photon number density in volume, gM =
D × B = Np(~kw) is the Minkowski EM momentum density vector, and Wem = 0.5(D · E + B · H) = Np(~ω) is the EM energy density. It
is worthwhile to point out that ~Kµ is constructed based on Einstein light-quantum hypothesis (single photon energy = ~ω) and the invariance
of phase (resulting in the wave four-vector Kµ, as shown in footnote 3), while N−1p (gM ,Wem/c) is constructed based on Einstein light-quantum
hypothesis [EM energy density Wem = Np(~ω)] and the Lorentz covariance of field-strength four-tensors to keep Maxwell equations invariant in
form in all inertial frames. The invariance of phase is an independent mathematical requirement under the Lorentz transformations of the field-
strength tensors. Thus ~Kµ = N−1p (gM ,Wem/c) characterizes the self-consistence in mathematics and physics. In this publication, I also provided the
invariant definitions of refractive index and phase velocity. The refractive index is defined as n ≡ |kw/(ω/c)|, which can be equivalently expressed
as n = |gM /(Wem/c)|. The phase velocity is defined as vph ≡ nˆ(ω/|kw |) = nˆ(ω/|ω|)(c/n), which can also be expressed as vph = nˆ(Wem/|gM |).
(Note that observed in the medium-rest frame, ω > 0 is assumed, which corresponds to a right-handed plane wave.) Observed in the photon-rest
frame [confer Eq. (7) in the present paper], E′ = 0, H′ = 0, D′ , 0, and B′ , 0 hold; thus we have W′em = 0 and g′M = D
′ × B′ , 0, leading to
n′ ≡ |k′w/(ω′/c)| = |g′M /(W′em/c)| = ∞ and v′ph ≡ nˆ′(ω′/|k′w |) = nˆ′(W′em/|g′M |) = 0.
3 Origin of wave four-vector and incompatibility of MP quasiparticle model with special relativity. For a plane wave in a moving non-dispersive,
lossless, non-conducting, isotropic, uniform medium, the phase function can be written in a covariant form, given by Ψ(x, t) = (ωt − kw · x)
= gµνKµXν, where gµν = gµν = diag(−1,−1,−1,+1) is the metric tensor, Xµ = (x, ct) is the time-space four-vector, and Kµ = (kw, ω/c) [5]. (It is
should be noted that for the plane wave in such a case, the wave vector kw and the angular frequency ω are independent of t and x, and they are of
real number.) Required by the Lorentz transformations of field-strength tensors to keep Maxwell equations invariant in form in all inertial frames,
the phase function Ψ(x, t) must be a Lorentz invariant; accordingly, Kµ = (kw, ω/c) must be a Lorentz four-vector (called “wave four-vector”),
which was actually first shown by Einstein in his 1905 paper when setting up “theory of Doppler’s principle and of aberration” for a plane wave
in free space [8], and which is also well presented in textbooks [9, p. 125] [10, p. 599]. Thus the Lorentz covariance of (kw, ω/c) is a necessary
condition required by Einstein’s special relativity. Since Kµ = (kw, ω/c) is a Lorentz four-vector, KµKµ must be a Lorentz invariant, leading to
ω2(1− n2) = Lorentz invariant. However Partanen and coworkers claim that the energy EMP = ~ω+ (δm)c2 = n2~ω and momentum pMP = n~ω/c
for their MP quasiparticle also constitute a Lorentz four-vector [1], leading to (nω)2(n2 − 1) = Lorentz invariant. From ω2(1 − n2) = Lorentz
invariant and (nω)2(n2 − 1) = Lorentz invariant, it follows that both the frequency ω and the refractive index n are Lorantz invariants for n , 1,
which means that there is no Doppler effect. Obviously, this result is not physical. Thus we conclude that Partanen-coworkers physical model is
not compatible with Einstein’s special relativity.
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For a plane light wave propagating in a uniform medium, microscopically there is a complicated interaction be-
tween photons and matter through atomic absorption and re-emission. However macroscopically, this interaction can
be simply described by Minkowski (space-like) four-momentum ~Kµ; from this view of point, Minkowski photon
is a kind of “quasi-photon”, with an imaginary “rest mass” if defined by (~Kµ~Kµ)1/2/c [3], which has no physical
meaning. However in the Einstein’s energy-mass equivalence equation, the definition of mass for a photon, includ-
ing the rest mass, is the energy-associated mass, given by ~ω/c2 [7].4 Thus the introduction of quasi-photon has no
contradiction against the traditional theory. (Note: In free space, the rest mass of photon has no physical meaning,
because there is no photon-rest frame in such a case.)
It should be emphasized that the Lorentz covariant wave four-vector Kµ is a strict result from special relativity,
and its covariance insures that under Lorentz transformation of Kµ = (kw, ω/c), kw and ω keep the same definitions
and mathematical forms in all inertial frames, while Partanen-coworkers MP quasiparticle [1] is not compatible with
Kµ, as shown in footnote 3. In other words, the physical model used in Partanen-coworkers theory is not consistent
with the principle of relativity.
In my theory, the definitions of all physical quantities, including the refractive index n, are the same in all inertial
frames. If Minkowski photon momentum and energy in the medium-rest frame are given by
p = ~kw, E = ~ω, (5)
where kw = nˆ|nω/c| with nˆ = kw/|kw| the unit wave vector, then observed in the frame moving at a velocity of v with
respect to the medium-rest frame, the momentum and energy are given by
p′ = ~k′w, E′ = ~ω′, (6)
where k′w = nˆ′|n′ω′/c| with nˆ′ = k′w/|k′w| the unit wave vector. Note that Eq. (5) and Eq. (6) have completely the same
forms, characterizing the covariance of the momentum and energy of light. The plane wave propagates at the phase
velocity vph = nˆ(ω/|ω|)(c/n), which holds in all inertial frames, characterizing the covariance of the propagation
direction and speed of light. These basic properties of light are required by the principle of relativity: Physical laws
are symmetric for all inertial frames, and no one is preferred for descriptions of physical phenomena. It is worthwhile
to point out that Minkowski photon momentum satisfies Newton law [3].
When observed in the photon-rest frame, namely the frame moving at a velocity of v = nˆ(c/n) with respect to the
medium-rest frame, the momentum and energy become
p′ = nˆ′
~ω
c
√
n2 − 1, E′ = 0, (7)
where n > 1 is assumed. In such a case, ω′ = 0 but n′ = ∞ [5], resulting in finite n′ω′ = ω(n2 − 1)1/2. Thus the
Minkowski photon is stopped there (c/n′ = 0), with a zero energy (E′ = ~ω′ = 0) and a finite nonzero momentum of
|p′| = (n2 − 1)1/2~ω/c.
Hau and coworkers experimentally demonstrated that light can either be stopped or slowed down significantly to a
speed of 17 meters per second when it goes into an ultracold atom gas in the Bose-Einstein condensate [11].5 Suppose
that macroscopically this atom gas can be treated as a uniform medium with refractive index n when a monochromatic
plane light wave propagates through. In such a case, from my theory, Minkowski photon would have a very small or
zero energy, namely E = ~ω → 0, because the momentum |p| = n~ω/c is finite when n → ∞. Thus the result from
my theory makes sense.
What is the difference between my theory and Minkowski’s theory? Three years after Einstein developed the
special theory of relativity and showed that wave vector kw and frequency ω constitute a wave four-vector for a plane
4 In Ref. [7], by analyzing a special radiation process based on the principle of relativity, Einstein draws a conclusion that “If a body gives off
the energy E in the form of radiation, its mass diminishes by E/c2.” Thus according to Einstein, with energy conservation law taken into account,
the energy-associated mass for a photon is supposed to be ~ω/c2.
5 In this experimental report, Hau and coworkers argue that the slowdown of light pulses is caused by the strong dispersion of medium which
results in a low group velocity. However the group velocity is not an observable quantity in general, because the physical implication of the
definition of group velocity itself is ambiguous [15]. But for a monochromatic plane wave or a single photon, the dispersion will not have effect.
The plane wave is not practical, but a single photon can be realized in current technologies. Thus Hau-coworkers argument could be experimentally
verified by use of a single photon.
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wave in free space [8], Minkowski applied Einstein’s principle of relativity to a moving medium, arguing for invariance
of Maxwell equations, namely Maxwell equations have the same form no matter whether the medium is moving
uniformly or at rest [12]. This invariance is the foundation of Minkowski’s electrodynamics of moving media, and it
is widely accepted in the community [13]. However, I firmly argue that to examine the covariance of light propagation
in a medium, the definitions of all physical quantities, including the refractive index, also must be the same in all
inertial frames. In addition, I have shown that within the principle-of-relativity frame, the momentum and energy of a
photon in a medium must constitute a Lorentz four-vector to satisfy global momentum-energy conservation law in the
Einstein-box thought experiment [3], and to satisfy Fermat’s principle for a plane wave in a uniform medium [5]. Thus
compared with Minkowski’s theory, my theory takes into account not only (i) the invariance of Maxwell equations,
but also (ii) the invariance of definitions of physical quantities, and (iii) the four-vector covariance of momentum and
energy of light [5]. Note that all conditions (i), (ii), and (iii) are required by the principle of relativity.
Obviously, conditions (i) and (ii) have already ensured the covariance of physical laws, namely all the equations
describing the behavior of light in a medium have the same forms in all inertial frames. However without condition
(iii), the definition of light momentum is indefinite. For example, under (i) and (ii) without (iii), both Abraham
formulation gA = E × H/c2 and Minkowski formulation gM = D × B have the equal right to be the light momentum
density vector, because they all have the same forms in all inertial frames, namely they are all covariant together
with Maxwell equations under Lorentz transformations of field-strength four-tensors (confer footnote 7). However
when condition (iii) is considered, only gM = D × B is the qualified light momentum vector, because gM = D × B is
also four-vector covariant, as the space component of the four-vector ~Kµ = N−1p (gM ,Wem/c), as shown in Ref. [5],
while gA = E ×H/c2 is only “four-tensor covariant”, instead of also “four-vector covariant”; in other words, although
gA = E × H/c2 is covariant, it cannot be used to form a momentum-energy four-vector, as shown in Ref. [3]. Thus
condition (iii) is indispensable for a complete covariant theory of light propagation.
It might be interesting to point out that the invariance of Maxwell equations in Minkowski’s electrodynamics of
moving media is realized based on the condition that all EM fields constitute two field-strength tensors [12, 14]. From
this it follows that the wave phase Ψ(x, t) = (ωt − kw · x) must be a Lorentz invariant, and the frequency ω and the
wave vector kw must constitute a Lorentz four-vector Kµ = (kw, ω/c) [5, 10]. However this fundamental physical
result from the Minkowski’s electrodynamics is usually ignored in the analysis of Abraham-Minkowski debate, such
as in the work by Partanen and coworkers [1], although Einstein has already made a pioneer demonstration in his 1905
paper for a plane wave in free space [8].
5. Conclusions and remarks
In this paper, two new concepts (Minkowski quasi-photon and invariance of physical definitions) have been in-
troduced to elucidate the theory developed in my previous work [5], and to clarify the criticisms by Partanen and
coworkers [1].
Specifically speaking, the criterion of Lorentz four-vector covariance set up by Partanen and coworkers is not
mathematically correct, and the physical model they constructed is not compatible with Einstein’s special relativity,
as shown in footnote 3. In contrast, my theory is a self-consistent covariant theory of light propagation in a medium
[5]; Minkowski quasi-photon appearing in my theory comes from the wave four-vector, which is a well-known strict
result from Einstein’s special relativity, just like the time dilation, Lorentz contraction, and relativity of simultaneity.
According to Einstein’s energy-mass equivalence equation, the mass of a photon is always defined by ~ω/c2 [7], and
the introduction of quasi-photon is compatible with the relativity. Thus it is not appropriate for Partanen-coworkers
criticism that my theory “neglects the transferred mass δm, thus leading to mathematical problems”, and “the ne-
glectance of the transferred mass δm ... in turn leads to complicated mathematics without providing transparent and
physically insightful covariant theory of light” [1].
It should be emphasized that my theory [5] takes into account not only (i) the invariance of Maxwell equations
argued by Minkowski [12], but also (ii) the invariance of physical definitions, which is first clearly formulated in this
paper, and (iii) the four-vector covariance of momentum and energy of light [3]. All conditions (i), (ii), and (iii) are
required by the principle of relativity, and without (iii), the definition of light momentum in a medium is indefinite.
It is also worthwhile to point out that above conditions (i) and (ii) are to fulfill the symmetry of Maxwell EM
theory required by the principle of relativity, while condition (iii) is to fulfill the symmetries of momentum-energy
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conservation law [3] and Fermat’s principle [5], which are additional basic postulates in physics, independent of
Maxwell EM theory [15].6 Both Abraham momentum gA = E ×H/c2 and Minkowski momentum gM = D ×B satisfy
the Maxwell-EM-theory symmetry, but only the Minkowski momentum satisfies all the above three symmetries —
explaining why it is controversial to define the momentum of light only in the Maxwell-EM-theory fame.
Macroscopic Maxwell equations are the foundation of classical electrodynamics [10, 14], while Einstein’s light-
quantum hypothesis is the basis of Bohr frequency condition in atomic transitions that cause the absorption or emission
of photons [16, 17]. Macroscopic Maxwell equations combined with Einstein’s light-quantum hypothesis lead to a
self-consistent Minkowski photon four-momentum ~Kµ = N−1p (gM ,Wem/c) for a plane light wave [5], and thus this
four-momentum macroscopically describes the light-matter interactions through atomic absorption and re-emission.
On the other hand, a material medium is made up of massive particles, and all individual massive particles always
have their own momentum-energy four-vectors no matter whether there are any interactions [3]. From this perspective,
when a closed system of light-matter interactions is divided into an EM subsystem and a material subsystem [18, 19],
the momentums and energies of the two subsystems constitute Lorentz four-vectors, respectively, while the Minkowski
photon four-momentum ~Kµ denotes the macroscopic average of the properties of photons absorbed and re-emitted
by the material subsystem.
In terms of the relations between EM fields and the materials that generate or support the fields, the EM fields
can be divided into two types: One is radiation field and the other is non-radiation field. The radiation field can exist
independently of the material that generates it, such as the EM field carried by a light pulse, of which all individual
photons have their own momentum-energy four-vectors. The non-radiation field cannot exist separately from the
material that supports it, such as the electrostatic field in vacuum, of which the momentum and energy cannot form a
momentum-energy four-vector [20]. From this, a non-radiation field is owned by the material that supports the non-
radiation field, and its momentum and energy are, respectively, included in the momentum and energy of the material
subsystem (instead of the EM subsystem). To better understand this, let us take a look at the following example.
Consider a closed physical system in free space, where there is only one free electron at rest in the laboratory
frame Σ. In such a case, the electrostatic field produced by the rest electron is a self-field (non-radiation field), and
it cannot exist separately; thus its energy is a part of the electron’s rest energy mec2 (= 0.511 MeV), where me is
the electron’s rest mass, although we don’t know how much the part is — depending on what physical model of the
electron’s field distribution is assumed. Thus the EM subsystem is empty, and the material subsystem is equal to the
whole closed system. Observed in a frame Σ′ that moves uniformly with respect to the laboratory frame Σ at a velocity
of v, the electron has a momentum-energy four-vector, given by P′µ = (p′, E′/c), where p′ = γ ′mev′ and E′ = γ ′mec2,
with v′ = −v and γ ′ = (1 − v′2/c2)−1/2. The electron’s momentum p′ = γ ′mev′ and energy E′ = γ ′mec2 include
the momentum and energy of the self-EM field — non-radiation field — carried by the moving electron, while the
electron’s kinetic energy (γ ′−1)mec2 [8] includes the kinetic energy of the self-EM field. Therefore, unlike a radiation
field, the non-radiation field carried by a charged particle is always associated with the particle itself and cannot be
separated; thus the non-radiation field, as a part of the particle, belongs to the material subsystem, instead of the EM
subsystem. One might be able to measure the momentum and energy of a moving electron in free space, but one
cannot identify how much the EM counterparts occupy; in other words, the momentum and energy of a non-radiation
field are not measurable experimentally.
The theoretical analysis of Compton photon-electron scattering experiment [21] is a typical example in which the
non-radiation field is treated to be owned by the material subsystem. According to Einstein’s light-quantum hypothesis
[22] and energy-mass equivalence equation [7], Compton wrote down the photon’s momentum in vacuum, given by
(~ω/c2)× c = ~ω/c (momentum = mass multiplied velocity), which is completely consistent with later-published de-
Broglie hypothesis [23], while the electron’s momentum and energy are given by γmev and γmec2, respectively, with
v the electron’s velocity and γ = (1 − v2/c2)−1/2. Before and after the scattering, the momentum and energy are con-
6 In Ref. [15], it is shown that Fermat’s principle is an independent postulate, and it cannot be derived from Maxwell EM theory, although there
is a formulation of Fermat’s principle in the Maxwell-equation frame. The original form of Fermat’s principle states that Nature always acts by the
shortest course. When applied to optics, this principle requires that light take the path of least time. In optics of light rays (geometric optics) set
up from Maxwell equations, this principle is specifically expressed as: An actual light ray makes its optical length
∫
nds the minimum. Light rays,
refractive index, light speed ... are all defined in the Maxwell-equation frame, but the conclusion “an actual light ray makes its optical length
∫
nds
the minimum” comes from the Fermat’s principle. In other words, Fermat’s principle itself is not included in Maxwell equations. It is also shown
that the energy conservation law (instead of energy conservation equation or Poynting theorem) is not included in but is consistent with Maxwell
EM theory, and it is also an independent postulate in physics.
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servative, and thus Compton obtained a formula of photon-electron scattering, which is in very good agreement with
experimental results. In his derivations, Compton never considered the momentum and energy of the (non-radiation)
self-EM field carried by the electron. Thus the Compton experiment is an apparent support to the conclusion obtained
above: a non-radiation field is the component of the material subsystem, instead of the EM subsystem.
Finally, I would like to make some comments on the symmetry and covariance of physical laws, and the invariance
of the definitions of all physical quantities.
The role of symmetry in fundamental physics is well reviewed [24]. Symmetry and covariance usually refer to
the mathematical forms of physical laws. For example, according to the principle of relativity, Einstein recognized
that all inertial frames are equivalent, and thus Maxwell equations must be symmetric or invariant in form, although
the values of corresponding EM field quantities between different inertial frames may be different. To keep Maxwell
equations the same in form (symmetry), the EM fields must follow Lorentz transformations of field-strength ten-
sors; thus Maxwell equations are also said to be covariant under Lorentz transformations [14, p.553], which means:
(i) field-strength tensors follow Lorentz transformations, and (ii) Maxwell equations keep invariant in form — co-
variant. To put it simply, we have: principle of relativity⇒ equivalence of inertial frames⇒ symmetry of Maxwell
equations⇒ covariance of Maxwell equations under Lorentz transformations.
Why should the definitions of all physical quantities be invariant? The principle of relativity states that the results
of experiments carried through in isolated laboratories in inertial frames are independent from the orientation and the
velocity of the laboratory [25]; in other words, all inertial frames are equivalent, and no one is preferred for descrip-
tions of physical phenomena. Thus the Maxwell EM theory must be symmetric; and all EM principles are the same
in every inertial frame. A specific EM principle is expressed by incorporating physical quantities; thus the definitions
of these physical quantities must be the same to keep the principle invariant.
We also can obtain this conclusion directly from the equivalence of inertial frames, which is an elegant proof for
the invariance of physical definitions. Suppose that Σ and Σ′ are any two inertial frames moving with respect to each
other. If frame Σ defines a physical quantity in this way while frame Σ′ defines the same physical quantity in that
way, and they both claim to be flaw-free, then who is correct? The only possible resolution of this debate is to use the
same definition, because Σ and Σ′ become the same frame when the relative velocity between them goes to zero —
the continuity of physical definitions, just like the continuity of Lorentz transformations argued by Einstein [8].
In fact, the symmetry of Maxwell equations has already suggested the invariance of physical definitions. As we
know, in the Maxwell equations ∇×E = −∂B/∂t, ∇ ·B = 0, ∇×H = J + ∂D/∂t, and ∇ ·D = ρ, all the field quantities
E, B, H, and D, and current density J and charge density ρ have the same definitions in all inertial frames.7 Maxwell
equations are physical laws describing macroscopic EM phenomena, and they are expressed by the physical quantities
7 “Lorentz covariance” itself means that under Lorentz transformations, something required by the principle of relativity keeps invariant. The
principle of relativity argues that all the inertial frames of reference are equivalent, while the invariance of physical definitions is a reflection of the
equivalence. Thus the Lorentz covariance can be defined as follows. A physical quantity is said to be Lorentz covariant if its physical definition
keeps the same in all inertial frames under Lorentz transformations; for example, the refractive index n for a plane wave is Lorentz covariant
because it has the same definition in all inertial frames [5]. A tensor is said to be Lorentz covariant if all the elements of the tensor keep the
same physical definitions under Lorentz transformations. For example, the wave phase Ψ = (ωt − kw · x) = gµνKµXν is covariant zeroth-rank
tensor, and the time-space four-vector Xµ = (x, ct) is covariant first-rank tensor, because their elements, (ωt − kw · x) for Ψ, and x and ct for
Xµ, have the same physical definitions in all inertial frames. As shown in the textbook by Jackson [14, p. 557], 3D-form Maxwell equations
[∇×H−∂(cD)/∂(ct),∇· (cD)] = (J, cρ) and [∇×E−∂(−cB)/∂(ct),∇· (−cB)] = (0, 0) can be written in tensor form, given by ∂µGµν(D,H) = Jν and
∂µF µν(B,E) = 0, with Gµν being the field-strength four-tensor,F µν being the dual field-strength four-tensor of Fµν = ∂µAν−∂νAµ, and Jµ = (J, cρ)
being the four-current density. To keep Maxwell equations invariant in form (namely the symmetry required by the principle of relativity), Gµν
and F µν must be assumed to be Lorentz covariant, namely (i) Gµν and F µν follow Lorentz transformations, and (ii) the elements of Gµν and
F µν have the same physical definitions in all inertial frames. If the definitions of the elements were not the same, then the physical implications
of Maxwell equations would not be the same, which is not consistent with the principle of relativity. [Note that in such a case, the covariance
of Jµ is automatically fulfilled, because ∂µ = (∂/∂x, ∂/∂ct) is Lorentz covariant four-vector operator, namely ∂µ = (∂/∂x, ∂/∂ct) follows Lorentz
transformation with its elements ∂/∂x and ∂/∂ct have the same definition in all inertial frames.] Thus the covariance of Gµν and F µν provides a
guarantee of the symmetry of Maxwell equations between inertial frames; in other words, this covariance offers an assurance of the invariance in
form of Maxwell equations under Lorentz transformations, which is usually referred to as Lorentz covariance of Maxwell equations [14, p.553].
The tensor-form Maxwell equations ∂µGµν(D,H) = Jν and ∂µF µν(B,E) = 0 are also said to be Lorentz covariant because they are expressed
through covariant Lorentz tensors. The 3D-form and tensor-form of Maxwell equations are equivalent when the Lorentz covariance of Gµν and
F µν is satisfied, and all the eight 3D-Maxwell (component) equations are the eight elements of the two tensor-Maxwell equations. As we know, the
Minkowski EM stress-energy tensor is constructed from the two field-strength tensors Gµν and Fµν, given by Tµν = gµσGσλFλν + 0.25gµνGσλFσλ,
with cgA = E ×H/c and cgM = cD × B as its elements [20]; thus the Lorentz covariance of Tµν ensures that Abraham momentum gA = E ×H/c2
and Minkowski momentum gM = D × B have the same definitions and mathematical forms in all inertial frames, namely they are both covariant
together with Maxwell equations from one inertial frame to another. According to the definition of Lorentz covariance of a tensor given above,
7
that have the same definitions in all inertial frames; this is a basic property assigned by the principle of relativity. All
physical laws have the same right to share this property with Maxwell equations. Specifically, the refractive index
n, which is a physical quantity to describe the covariance of the propagation speed (c/n) of light in a medium, is
supposed to have the same definition in all inertial frames, as shown in Ref. [5].
From above we can see that the invariance of physical definitions is a generalization of the symmetry of physical
laws within the frame of relativity principle.
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Partanen and coworkers did not provide a proof of the covariance of four-momentum in their MP quasiparticle model, because the refractive index
n appearing in EMP = n2~ω and pMP = n~ω/c is not defined in a general moving frame [1] and one cannot judge whether the elements EMP and
pMP of the four-momentum have the same physical definitions in all inertial frames.
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Questions and Answers 
 
Question-1: 
 
Answer-1:  It is argued that my criticism “is unsound” because Partanen-
coworkers covariance condition (criterion), namely Eq. (4) in my paper, 
reading: 
 
“is never used as an argument for the four-vector property of the 
momentum and energy of the mass-polariton”.  This is not true.   
My criticism of the paper by Partanen and coworkers is: 
“the criterion of Lorentz four-vector covariance set up by the authors 
is not mathematically correct”, 
which is based on their claim, copied below: 
 
 
Obviously, what the above Partanen-coworkers statement means is:   
 
1 
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MPE  and MPp  satisfy the [Lorentz four-vector] covariance 
condition (criterion) 2202MP2MP )()( cmcpE =− , “thus resolving the 
[Lorentz four-vector] covariance problem discussed in Sec. III”. 
My criticism is corresponding to the question: 
Is it correct to use 2202MP2MP )()( cmcpE =−  as the covariance criterion 
to claim “thus resolving the covariance problem discussed in 
Sec. III”? 
Thus the statement that the covariance criterion 2202MP2MP )()( cmcpE =−  “is 
never used” by Partanen and coworkers is not true.  It should be 
emphasized that Partanen and coworkers never proved that MPE  and MPp  
fulfill the Lorentz four-vector covariance.  Instead, as I proved in my paper, 
Partanen-coworkers physical model is not compatible with Einstein’s 
special relativity. 
----------------------------------------------------------------------------- 
 
Question-2: 
 
Answer-2:  It is criticized that my quasi-photon has “an imaginary rest 
mass” (according to Partanen-coworker theory), and my definition of the 
mass of quasi-photon  
“is based on fundamentally inconsistent use of the standard relations 
of relativistic mechanics”.   
This criticism is not valid at all.  My argument is given below. 
 
In my definition, the photon mass is given by 2cω , never leading to an 
imaginary rest mass.  This definition follows Einstein’s energy-mass 
equivalence equation presented in his 1905 paper, copied below: 
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Thus it is not appropriate for the criticism that my derivation “is based on 
fundamentally inconsistent use of the standard relations of relativistic 
mechanics”. 
The rest criticisms are very abstractive (not specific); I am unable to answer.  
Sorry. 
----------------------------------------------------------------------------- 
 
Question-3: 
 
Answer-3:  According to the relativity principle, the definition of refractive 
index n is the same in all inertial frames.  However the authors only defined 
the refractive index in the medium-rest frame (laboratory frame) for an 
isotropic medium, given by rrn µε=2 , with rε  and rµ the relative permittivity 
and permeability of the medium.  As we know, when the medium moves, 
the isotropic medium becomes anisotropic, and rε  and rµ  become tensors; 
thus the “standard practice”, where the index is defined by rrn µε=2 , is not 
applicable any more.  Then a problem comes: if we don’t have the definition 
of refractive index, how do we know “MP quasiparticle … propagates 
through the medium at speed nc=v ”, which holds in all inertial frames?  
How do we know MP propagation is covariant?  From here, one can see that 
defining the refractive index is a fundamental task to resolve the 
covariance problem of light propagation in a medium, and so I have every 
reason “why this point of Partanen et al. should be questioned”. 
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Question-4: In your “proof” against the mass-polariton theory, you seem to 
make an unjustified assumption that, in the mass-polariton theory, the equality 
ωδ )1( 22 −= nmc  would hold in an arbitrary inertial frame.  This is not true in the 
mass-polariton theory, where it holds only in the rest frame of the medium.  
https://www.researchgate.net/publication/332049226_Lorentz_covariance_of_the_mass-polariton_theory_of_light/comments 
Answer-4:  It is argued that in my proof of the incompatibility of MP 
quasiparticle model with special relativity, given in footnote 3 of my paper [Optik, 
172 (2018) 1211],  
I made an “unjustified assumption” that ωδ )1( 22 −= nmc  holds in an 
arbitrary inertial frame, while in Partanen-Tulkki mass-polariton (MP) 
theory, ωδ )1( 22 −= nmc  holds only in the medium-rest frame. 
However this argument is not self-consistent with the Partanen-Tulkki MP theory, 
because my “unjustified assumption” can be directly obtained from the 
assumptions used in the MP theory, which is shown below. 
(i) Although Partanen and coworkers have never clearly provided the specific 
definitions of the refractive index n and the energy EMP of MP quasiparticle in 
an arbitrary inertial frame, they indeed defined the momentum pMP of MP 
quasiparticle, equal to Minkowsi momentum, as claimed in the paper [Phys. 
Rev. A 95, 063850 (2017)], copied below  
 
According to Partanen and coworkers, the above frame-independent MP 
momentum definition is a generalization of that in laboratory frame obtained 
by assuming that )c,( MPMP Ep  satisfies four-vector Lorentz transformation, and 
0MP =′p  and 0=′ω  hold in the MP rest frame. 
Thus we have 
wkp =MP ,         (C1) 
where wk  is the wave vector.  wkp =MP  holds in all inertial frames according to 
the principle of relativity.  cnω=MPp  ( wcn k=⇒ ω ) is the Partanen-coworkers 
specific definition in the medium-rest frame.  (Partanen and coworkers did not 
provide the definition of n in a general inertial frame.) 
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(ii) Partanen and coworkers defined  
)c,()c,( MPMPMP EE wkp =        (C2) 
as a momentum-energy four-vector of MP quasiparticle, which holds in all 
inertial frames. 
(iii) Because the EM-field Lorentz transformation Eqs. (32)-(35), given in 
Partanen-Tulkki paper [Phys. Rev. A 99, (2019) 033852], must hold, the wave 
vector  wk and frequency ω  must constitute a Lorenz four-vector, called wave 
four-vector, given by  
)c,( ωwk .        (C3) 
From Eqs. (C2) and (C3), we have a Lorentz scalar, given by 
0)( 2MP =− wcc
E kω   (holding in all inertial frames)  (C4) 
because in the medium-rest frame, according to Partanen-coworkers definitions, 
ω2MP nE =  and cnw ω == kpMP .  
From Eq. (C3), we have  







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
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

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
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
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=−
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
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22
2
2
1)(
ccc
w
w ω
ωω kk = Lorentz scalar.   (C5) 
From Eq. (C4), we have  
0)(
2
MP2MP =








−=−
ccc
E
ccc
E w
w
ω
ω
ωω 

kk ,    (C6) 
and so for 0≠ω , we have  
ccc
E w ω
ω

2
MP k=   holding in all inertial frames.   (C7) 
Inserting Eq. (C7) into Partanen-coworkers definition 2MP mcE δω +=   (holding in all 
inertial frames because of Partanen-coworkers MP theory claimed as a covariant 
theory of light propagation in a medium), we have 
ω
ω
δω 
2
2
MP c
mcE wk=+= .      (C8) 
From above we have 
( ) ωω
ω
δ  11 2
2
2 −=







−= n
c
mc wk   holding in all inertial frames, (C9) 
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where the invariant definition )( cn w ωk=  is employed.  Note that my invariant 
definition )( cn w ωk=  is compatible with the definition, given by Partanen and 
coworkers, only in the medium-rest frame. 
Thus we finish the proof in the limit of Partanen-coworkers MP theory that  
( ) ωδ 122 −= nmc         (C10) 
holds in all inertial frames; and the proof is correct of the incompatibility of MP 
quasiparticle model with special relativity, given in footnote 3 of my paper [Optik, 
172 (2018) 1211], where the invariant definition )( cn w ωk=  is used. 
In fact, from Eqs. (C2), (C5), and (C7), without use of ( ) ωδ 122 −= nmc , we can 
directly show that ω  and )( cw ωk  must be Lorentz invariants in the limit of the 
mass-polariton theory; thus Partanen-Tulkki mass-polariton theory is not 
self-consistent within the frame of special relativity. 
 
 
It is worthwhile to point out: 
 
 
The construction of a physical tensor is different from the construction of a 
mathematical tensor.  The former has more limitations.  Generally speaking, there 
are three rules to construct a new physical tensor.   
(i) A new physical tensor has a covariant/invariant/frame-independent definition. 
(ii) It follows Lorentz transformation. 
(iii) It does not contradict well-established basic physical tensors, such as the phase 
invariant (zeroth rank tensor), time-space four-vector and wave four-vector (both 
first rank tensors), EM field-strength tensors (second rank tensors), and so on.    
Unfortunately, some of the above three rules is often neglected in the community so 
that a constructed new tensor is not a real tensor; a typical example is the Abraham 
tensor, which follows Rule (i), but breaks Rule (ii) or Rule (iii): if Rule (iii) is 
followed, then Rule (ii) is broken; if Rule (ii) is followed, then Rule (iii) is broken. 
 
 
 
Obviously, )c,( MPMP Ep  is a new Lorentz four-vector, constructed by Partanen and 
Tulkki, while )c,( ωwk  is a well-established Lorentz four-vector, first introduced 
by Einstein in his 1905 paper.  However it is the contradiction of )c,( MPMP Ep  
against )c,( ωwk  that results in the incompatibility of the mass-polariton 
formulism with special relativity, and )c,( MPMP Ep  cannot be a real four-vector. 
----------------------------------------------------------------------------- 
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Question-5: In a recent work [Phys. Rev. A 99, 033852 (2019)], Partanen and Tulkki 
have proved the Lorentz covariance of the mass-polariton (MP) theory.  Minkowski 
momentum has an imaginary rest mas, and thus Minkowski theory contradicts the 
special theory of relativity. 
 
Answer-5:  I don’t think that Partanen and Tulkki have proved the Lorentz covariance 
of the MP theory in their work [Phys. Rev. A 99, 033852 (2019)].  And I don’t think that 
there is any basis to say that Minkowski theory contradicts the special theory of relativity.  
My argument is given below. 
 
(1) Without proof of Lorentz covariance for mass-polariton theory.  The stress-
energy-momentum (SEM) tensor of the mass-polariton (MP) is defined by Eq. (14), copied 
below 
 
 
 
 
 
 
 
 
 
 
 
 
It should be indicated that the above MP SEM tensor Eq. (14) is not expressed in a 
covariant form, and it is not easy to judge whether the MP SEM tensor is a real Lorentz 
covariant tensor; for example, is it consistent with the EM field-strength tensors µνG  and 
µνF ?  In fact, I can safely say that no one can judge its covariance, because the covariant 
definitions of some basic physical quantities in Eq. (14) are not provided; for example, the 
“local velocity of light in the medium” 1v , and its related quantity, refractive index n.  
Confer my paper [Optik, 172 (2018) 1211] for the comment on refractive index.  Thus the 
Lorentz covariance of the MP theory is not proved, although Partanen and Tulkki claim in 
their Abstract: “In this work, we prove the Lorentz covariance of the MP theory …” 
 
(2) Consistency of Minkwoski tensor theory with special relativity.  The Minkowski 
SEM tensor is given by Eq. (50), copied below 
 
 
 
And the above Eq. (50) can be written in a covariant form, given by  
 
σλ
σλ
µνλν
σλ
µσµν FGgFGgT 25.0M +=  
(Confer: footnote 7 of my paper [Optik, 172 (2018) 1211] ) 
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where µνG  and µνF  are the EM field-strength tensors, and µνg  is the Minkowski metric. 
 
Please be advised that the two EM field-strength tensors µνG  and µνF  offer the assurance 
of the invariance in form of Maxwell equations required by the principle of relativity, 
usually referred to as Lorentz covariance of Maxwell equations.  Obviously, the validity of 
Minkowski SEM tensor Eq. (50) is guaranteed by the validity of the only EM field-strength 
tensors µνG  and µνF .  Thus there in no basis to say that Minkowski theory contradicts the 
special theory of relativity. 
 
Regarding how to define the rest mass of a particle is another issue; for example, is there 
any physical meaning of the photon rest mass in free space? 
 
(3) Logic puzzle.  There is a logic puzzle in Partanen-Tulkki MP theory, as shown below.   
 
The SEM tensor of the MP is defined by Eq. (14), re-copied below for readers’ convenience 
 
 
 
 
 
 
 
 
 
 
 
where the EM fields E, B, D, and H are claimed to satisfy the Lorentz transformation given 
by Eqs. (32)-(35), copied below 
 
 
 
Please be advised that the Lorentz transformation Eqs. (32)-(35) result from the 
transformation of two EM field-strength tensors µνG  and µνF  (confer: footnote 7 of my 
paper [Optik, 172 (2018) 1211] ), which offer the assurance of the invariance in form of 
Maxwell equations under Lorentz transformations, usually referred to as Lorentz 
covariance of Maxwell equations.  Thus the claimed Lorentz covariance of Partanen-
Tulkki MP SEM tensor is based on the validity of the two EM field-strength tensors.  In 
other words, Partanen and Tulkki agree with the validity of EM field-strength tensors. 
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The Minkowski SEM tensor Eq. (50) can be written in a covariant form, given by  
 
σλ
σλ
µνλν
σλ
µσµν FGgFGgT 25.0M +=  
(Confer: footnote 7 of my paper [Optik, 172 (2018) 1211] ) 
 
where µνG  and µνF  are the EM field-strength tensors, and µνg  is the Minkowski metric. 
 
Obviously, the validity of Minkowski SEM tensor Eq. (50) is guaranteed by the validity of 
the only EM field-strength tensors µνG  and µνF .  Thus we can conclude: 
 
Challenging the validity of Minkowski SEM tensor is equivalent to 
challenging the validity of EM field-strength tensors. 
 
However Partanen and Tulkki argue that the Minkowski SEM theory is in contradiction 
with the fundamental principles of the special theory of relativity (STR), copied below: 
 
  
 
 
 
That is to say, Partanen and Tulkki disagree with the validity of EM field-strength tensors. 
 
Conclusion.  On one hand, Partanen and Tulkki agree with the EM field-strength tensors 
when setting up MP SEM tensor Eq. (14), but on the other hand, the authors oppose the 
EM field-strength tensors by negating Minkowski SEM tensor Eq. (50).  Thus a logic 
puzzle comes:  
Are Partanen and Tulkki arguing for or against the invariance of Maxwell equations 
required by the principle of relativity? 
https://www.researchgate.net/publication/332049226_Lorentz_covariance_of_the_mass-polariton_theory_of_light/comments 
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Question-6: Note that it is well known that the Minkowski tensor transforms in a 
covariant way between inertial frames. We are not claiming anything against this. See, 
e.g., the first row of the table in the present work [PHYSICAL REVIEW A 99, 033852 (2019)]. Thus, 
the form-invariance of the Maxwell's equations is not violated. 
 
Answer-6:  I did not say that you challenge “the Minkowski tensor transforms in a 
covariant way between inertial frames”, but I did say that, you negate the Minkowski 
tensor by arguing that “the Minkowski SEM theory is in contradiction with the 
fundamental principles of the STR [Special Theory of Relativity]”; copied below: 
 
 
 
 
PHYSICAL REVIEW A 99, 033852 (2019) 
https://doi.org/10.1103/PhysRevA.99.033852  
 
 
Challenging the validity of Minkowski tensor in fundamental principles is equivalent to 
challenging the validity of EM field-strength tensors.  Of course, challenging the validity 
of EM field-strength tensors is equivalent to challenging the invariance of Maxwell 
equations, because the introduction of EM field-strength tensors is to keep the invariance 
of Maxwell equations both in mathematical form and physical implications, required by 
STR [Special Theory of Relativity]. 
----------------------------------------------------------------------------- 
 
Question-7: Instead, we are claiming that the Minkowski SEM tensor is not the 
physically consistent total SEM tensor of light. For example, it does not contain terms 
related to the motion of atoms that are driven forward by the optical force and it neglects 
the related flux of atomic rest energies. These terms must be included in the total SEM 
tensor of light, which includes all forms of energies that are transferred with light. Since 
the Minkowski SEM tensor neglects these terms, it leads to physically mindless results 
like imaginary rest mass or nonzero momentum with zero energy in the inertial frame 
propagating with light in a medium. 
 
Answer-7:  How to understand the rest mass of a particle is another issue; for example, 
is there any physical meaning for photon rest mass in free space?  The rest mass issue 
is not a convincing argument to negate Minkowski SEM tensor in fundamental principles. 
----------------------------------------------------------------------------- 
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Question-8: For the covariant expressions of the energy and momentum in the mass-
polariton quasiparticle model, see the first expressions in Eq. (7) of our original work 
[Phys. Rev. A 95, 063850 (2017)]. The rest mass m0 of any particle and quasiparticle is a 
well-defined physical quantity in itself as it is related to the Minkowski inner product of 
the four-momentum with itself as is well known. The Lorentz transformation of the mass-
polariton energy and momentum as expressed with the rest mass m0 are given in Eq. 
(A2). These expressions are given for the transformation from the laboratory frame to the 
general inertial frame, but the extension for the transformation between any two arbitrary 
inertial frames is trivial as these are well-known expressions that apply for any particle 
or quasiparticle with a rest mass. 
 
Answer-8:  Partanen argues that “the covariant expressions of the energy and 
momentum in the mass-polariton quasiparticle model” is given by  
2
0MP cmE γ= , 
v0MP mp γ= , 
namely “the first expressions in Eq. (7) of our original work [Phys. Rev. A 95, 063850 
(2017)]”.   The Eq. (7), which Partanen refers to, is copied below: 
 
 
Phys. Rev. A 95, 063850 (2017) 
https://doi.org/10.1103/PhysRevA.95.063850  
 
 
where  and  are defined in the medium-rest frame; and 0m  is 
defined as the rest mass of MP quasiparticle, namely 0m  is a Lorentz invariant.   
 
Partanen argues that ( ) ),(, 0MPMP cmcEp vγ=  is a Lorentz covariant four-vector; that means 
),( cvγ  must be a Lorentz four-vector of velocity.  However, no one can know whether 
),( cvγ  is a Lorentz four-vector, because the refractive index n  in nc=v  is never defined 
in a general inertial frame.   
 
Since the definition of nc=v  is not given in a general inertial frame, one cannot know 
how ),( cvγ  transforms and whether ),( cvγ  is a four-vector.  Thus Partanen’s argument:  
 
“the extension for the transformation between any two arbitrary inertial frames is 
trivial as these are well-known expressions that apply for any particle or 
quasiparticle with a rest mass.” 
 
is not pertinent. 
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Conclusion: Partanan and coworkers failed to prove that the first expressions in 
Eq. (7) in their work [Phys. Rev. A 95, 063850 (2017)], given by  
 
2
0MP cmE γ= , 
v0MP mp γ= ,  
 
are the covariant expressions of the energy and momentum in the mass-polariton 
quasiparticle model. 
 
=========================== 
PS: Partanen’s post for Questions-6, 7, and 8  
https://www.researchgate.net/publication/332049226_Lorentz_covariance_of_the_mass-polariton_theory_of_light/comments 
 
 
 
----------------------------------------------------------------------------- 
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Question-9: Can you express mathematically what you mean with your claim that we 
are challenging the EM field-strength tensors? These tensors have their well-known 
conventional forms in the mass-polariton theory. 
 
Answer-9:  Sure, no problem.  In your paper [Phys. Rev. A 99, 033852 (2019)], you 
challenge the validity of EM field-strength tensors by negating the physics of Monkowski 
SEM tensor, arguing that the Minkowski SEM theory is in contradiction with the 
fundamental principles of the special theory of relativity (STR), copied below: 
  
 
 
Phys. Rev. A 99, 033852 (2019) 
https://doi.org/10.1103/PhysRevA.99.033852  
 
 
In your paper [Phys. Rev. A 99, 033852 (2019)], the Minkowski SEM tensor is given by Eq. 
(50), copied below 
 
 
 
 
 
Mathematically, the above Eq. (50) can be written in a covariant form in terms of EM field-
strength tensors, given by  
 
σλ
σλ
µνλν
σλ
µσµν FGgFGgT 25.0M +=  
(Confer: footnote 7 of my paper [Optik, 172 (2018) 1211] ) 
 
where µνG  and µνF  are the EM field-strength tensors, and µνg  is the Minkowski metric. 
 
Obviously, the physical validity of Minkowski SEM tensor Eq. (50) is guaranteed by the 
physical validity of the only EM field-strength tensors µνG  and µνF .  Thus we can 
conclude: 
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Challenging the physical validity of Minkowski SEM tensor is 
equivalent to challenging the physical validity of EM field-strength 
tensors, although they all have the same mathematical forms in all 
inertial frames. 
 
In other words, you challenge the physical validity of EM field-strength tensors, 
instead of their mathematical forms. 
----------------------------------------------------------------------------- 
Question-10: I don't understand what you mean with the photon rest mass in free 
space. That is of course zero. At least experiments set very strict limits for it. 
 
Answer-10:  According to your theory, the photon rest mass in free space is of course 
zero.  However in fact, there is no photon-rest frame in free space.  Thus strictly speaking, 
the photon rest mass in free space has no physical meaning. 
----------------------------------------------------------------------------- 
 
Question-11: The last equalities of Eq. (7) [Phys. Rev. A 95, 063850 (2017)] hold in 
the medium-rest frame as previously mentioned. The first expressions generalize into 
arbitrary inertial frames. 
You argue that (gamma*v, gamma*c) is not a four-velocity, but your argument is unclear 
as this is of the conventional form of the four-velocity. In the medium rest frame, the 
velocity of light is given by v=c/n in the direction of propagation. In an arbitrary inertial 
frame, it is given by v=ExH/(1/2*(E.D+H.B)), where E, H, D, and B are the well-known 
electric and magnetic field quantities. This is the velocity of light that one must generally 
use also in the quasiparticle model. Then, (gamma*v, gamma*c) multiplied by a constant 
m0 is the four-momentum of the quasiparticle model in a general inertial frame. I suppose 
that it is a straightforward task for you to check that this is a Lorentz four-vector. 
 
Answer-11:  In your paper [Phys. Rev. A 95, 063850 (2017)], you define the velocity of 
light as v = c/n in the medium-rest frame, but you did not provide its definition in an 
arbitrary inertial frame.  Of course, it’s not too late to provide your definition here.   
 
You argue that in the paper [Phys. Rev. A 95, 063850 (2017)], the first expressions of Eq. 
(7), given by  
 
 
 
2
0MP cmE γ= , 
v0MP mp γ= ,   
 
 
 
 
Phys. Rev. A 95, 063850 (2017) 
https://doi.org/10.1103/PhysRevA.95.063850  
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“generalize into arbitrary inertial frames”; namely the velocity of light v in Eq. (7) should 
be generalized into  
 
densityenergy  EM
  
)(
2
1
vector Poynting
BHDE
HEv =
⋅+⋅
×
= ,  
 
which holds in an arbitrary inertial frame, and where E, H, D, and B are the well-known 
electric and magnetic field quantities.  This definition is probably taken from the book by 
Møller [C. Møller, The Theory of Relativity, (Oxford University Press, London, 1955), §76].   
 
Møller indeed showed that )])(21([ BHDEHEv ⋅+⋅×=  can be used to form a velocity four-
vector, but his proof is based on an assumption that Minkowski SEM tensor is a correct 
Lorentz four-tensor physically.  From this, a logic puzzle comes:  
 
You reject the physical validity of Minkowski SEM tensor, but at the same time, you 
accept the physical validity of Minkowski tensor when used to show that 
)])(21([ BHDEHEv ⋅+⋅×=  is four-velocity covariant.   
 
One might ask: Which one would you like, rejecting or accepting the Minkowski SEM 
tensor? 
 
In addition, I would like to indicate that there are some physical problems with the 
definition )])(21([ BHDEHEv ⋅+⋅×=  (which you argued for) for a plane wave in a moving 
uniform medium, as indicated in my papers:  
Can. J. Phys. 93, 1510–1522 (2015), https://doi.org/10.1139/cjp-2015-0167    
Optik 126, 2703–2705 (2015), https://www.sciencedirect.com/science/article/pii/S0030402615005252?via%3Dihub  
 
In the definition )])(21([ BHDEHEv ⋅+⋅×= , the Poynting vector E×H is taken as EM/light 
power (energy) flow traditionally, but in a moving uniform medium the Poynting vector 
E×H may not be a light power flow [Can. J. Phys. 93, 1510 (2015)]; otherwise, the energy 
conservation law and the principle of relativity would be broken [Optik 126, 2703 (2015)].    
 
=========================== 
PS: Partanen’s post for Questions-9, 10, and 11  
https://www.researchgate.net/publication/332049226_Lorentz_covariance_of_the_mass-polariton_theory_of_light/comments 
 
 
----------------------------------------------------------------------------- 
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